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linear quadratic controller design theory. The approach differs
from foregoing work in three points: the use of a scalar state
formulation which is valid near impact, the use of an optimi-
zation interval for which the terminal time is an open design
parameter, and the use of the standard regulator format with-
running cost on the system state. The resulting kinematic
guidance law is more general than previous results, since it
produces the whole range of classical proportional navigation
ratios on the one hand, and, on the other hand, it shows that
the proportional navigation law (up to interception) is just an
extreme case of guidance to handover to a final blind period.
Final blind periods are significant in practice due to seeker
measurement corruptions and image explosions near impact.
Thus the practical problem is often to minimize a performance
criterion continuously during flight and at the final blind time,
and not exclusively at impact—a fact which in most theoreti-
cal assessments is not considered.
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Introduction

AS part of the normal process of a control system design,
the analyst frequently is interested in determining the

state trajectories for the controlled system. In practice, this
process is straightforward, since the feedback form of the
control can be introduced in the equation of motion and
numerically integrated. Nevertheless, this process can be
computationally intensive, if either time-varying control gains

are used, or if small integration step sizes are required by the
presence of high-frequency system dynamics.

In an effort to overcome the computational difficulties
listed above, we present in this Note a change of variables for
the closed-loop system dynamics equation, which permits a
closed-form expression to be obtained for the state trajec-
tories.

Optimal Control Problem
The fixed time linear optimal control problem is formulated

by finding the control inputs u ( t ) to minimize

for the system
x=Ax+Bu, given x(t0)

y=Fx

(2)

(3)

where x is the state, u is the control, A is the system dynamics
matrix, B is the control influence matrix, F is the
measurement influence matrix, Q is the output weighting
matrix, R is the control weight matrix, and S is the terminal
output weight matrix.

As shown in Ref. 1, the optimal control is given by

= -R~1BTP(t)x(t) (4)

where P is the solution to the differential matrix Riccati
equation

P=-PA-ATP+PBR~1BTP-FTQF; P(tf)=FTSF (5)

Upon introducing Eq. (4) into Eq. (2), the standard closed-
loop system dynamics equation follows as

= [A-BR~1BTP(t)]x(t); X0=x(t0) (6)

To simplify the solution to Eq. (6), we introduce the
following closed- form solution for P(t) 2'8 in Eq. (5):

P(t)=Ps + Z~'(t) (7)

where Pss is the solution to the algebraic Riccati equation9'10

-PA-ATP+PBR~1BTP-FTQF=0 (8)

and Z ( t ) is a matrix function which is to be determined.
Upon introducing Eq. (7) and its time derivative into Eq.

(5), the linear constant coefficient matrix differential equation
forZ(0 follows as

Z=AZ+ZAT-BR-1BT; Z ( t f ) = (FTSF-PSS) ~7 (9)

from which it follows that the solution for Z(t)n>12 is given
by

ZeAT(t-^ ("0

where A=A-BR~1BTPSS is the steady-state closed-loop
system matrix, e ( ' ] is the exponential matrix, and Zss satisfies
the algebraic Lyapunov equation10'13'15
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Substituting Eq. (7) into Eq. (6) yields the modified form of
the closed-loop system dynamics equation

); x0=x(t0) (U)
where we observe that the equation above is nonautonomous.
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Change of Variables
To simplify Eq. (11), we introduce the following coordinate

transformation for the dependent variable x ( t ) :

x(t)=Z(t)r(t) (12)

where Z ( t ) is given by Eq. (10) and r ( t ) is a vector function
which is to be determined.

Upon differentiating Eq. (12) we find

or

x=Zr+Zr

x= [AZ+ZAT-BR-JBT]r+Zf

(13)

(14)

where Z in Eq. (13) has been replaced by the right side of Eq.
(9).

The differential equation for r ( t ) is obtained by in-
troducing Eqs. (12) and (14) into Eq. (11), leading to

Z(f+ATr)=0 (15)

from which it follows that the linear constant coefficient
vector differential equation for r ( t ) is given by

f=-ATr, r0 = Z

where the solution for r ( t ) follows as
, x -AT(t-t0)r(t)=e r0

(16)

(17)

Substituting Eq. (17) into Eq. (12) produces the desired
solution for the state trajectories as

X(t)=$(t,t0)X0 (18)

where $(t,t0) =Z(t)e~A ('-'o> Z~] ( t 0 ) is the system state
transition matrix, and $(t,t0) satisfies the following matrix
differential equation

Recursion Relationship for
Evaluating the State at Discrete Times

If the solution for x ( t ) is required at the discrete times
tk = t0 + k&t (k=l,...,N) for to=(tf-t0)/N, then Eq. (18)
can be written as

x(tk)=Zssak + bk (k=0,...,N) (19)

where

Conclusions
A straightforward algorithm has been presented for

generating the state trajectories for a feedback control system.
The algorithm is computationally efficient in that no
numerical integration is required and simple recursion
relationships generate the desired solution at discrete times.
Furthermore, this algorithm has signficant potential if used in
conjunction with algorithms which attempt to enhance system
robustness by iteratively refining the weighting matrices
appearing in the performance index.
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CD
CDO
CL
d
D
E*
g
H
K
L

Nomenclature
= constants of integration
= drag coefficient, CDO+ KC2

L
= zero lift drag coefficient, constant
= lift coefficient
= CL for maximum lift-to-drag ratio
= drag
= maximum lift-to-drag ratio
= gravitational acceleration
= Hamiltonian function
= induced drag factor, constant
= lift
= load factor, L/fF=l/cos/*
= adjoint variables
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